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In this paper, we give the definition of S-Module and with this module theory
w xprove the properties of the new Massey-product defined in 6 . As an application,
we find new relations of h and b in the E -term of the classical Adams spectrali j 2
sequence. Q 1997 Academic Press
w xThis is a paper that succeeds 6 . Throughout this paper, Hopf algebras
mean graded commutative co-associative Hopf algebras over a field K,
 .R,d is the cobar complex for a Hopf algebra H, that is, the elements of
w < < < xR have the form a a ??? a with a g H, and the differential is defined1 2 n i
by
< < <d a a ??? a1 2 n
nX Y X Y< < < < < < <s y a a ??? a ??? q y1 a ??? a a a , . . 1 1 n 1 ny1 n n
 . X Y  .  w x.where D a s 1 m a q a m 1 q a m a . Then R, d is a DGA see 4i i i i i
< <with the concatenation product. We use ? to denote the cohomological
5 5degree of R and ? to denote the resolution degree. To simplify the
notion, we omit the product of R and all module actions.
w xNote that the Massey-product defined in 6 may be defined on any
DGA-module over a given DGA with unit that satisfies 1 and 2 of Lemma
w x2.1 in 6 , but such a Massey-product will not satisfy 2 of Theorem 2.1 in
w x6 . For the same reason, although the S-module may be defined when
 . R, d is a DGA as above and has a higher homotopy S needed in the2
.proof of Lemma 2.1 , we do not generalize here.
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The purpose of this paper is to study some new properties of the
w xMassey-product defined in 6 . These properties are Theorems 3.1 and 3.2.
The interesting point here is that although these properties totally depends
 .on the properties of the complex R, d itself, if we focus on the definition
w xof the Massey-product only as we did in 6 , the analogous proof is too
complicated to realize. Therefore, we must regard this Massey-product as
an obstruction for a class of elements to be a cohomology class in a chain
 .complex that has R, d as a subcomplex. This ``larger'' chain complex is
just the S-module.
1. S-MODULES
In this paper, all modules are bigraded bimodules over an algebra over
the field K ; that is, if M is a module over A, then there is a left action
A m M ª M and a right action M m A ª M such that for all a, b g A,K K
m g M,
am b s a mb , ab m s a bm , m ab s ma b. .  .  .  .  .  .
 . < a < < m <q5 a5 5 m 5If for all a g A, m g M, am s y1 ma, then the module is
called symmetric.
 .  .DEFINITION 1.1. M, d is called an S-module over R, d if R is a
submodule of M generated by 1 such that 1m s m1 s m for all m g M
 .  .  w x.and M, d is a DGA-module over R, d see 4 and there is a homotopy
S: R m M ª M such thatK
 .  .1. S 1, m s 0, S a, 1 s 0 for all m g M, a g R.
2. For all a g R, m g M,
< < < < < < 5 5 5 5a a m q a mdS a, m q S da, m q y1 S a, dm s am y y1 ma. .  .  .  .  .
3. For all a, b g R, m g M,
 < < . < < 5 5 5 5a y1 b q a bS a, bm s S a, b m q y1 bS a, m , .  .  .  .
 < < . < < 5 5 5 5a y1 m q a mS a, mb s S a, m b q y1 mS a, b . .  .  .  .
 .Notice that this definition implies that R, d itself has a homotopy S
w x  .that satisfies 1 and 2 of Lemma 1.2 in 6 , so H* * R is a commutative
 .  .algebra. It is obvious that if M, d is an S-module over R, d , then
 .  .H* * M is a symmetric module over H* * R . If there is no confusion, we
 .write M instead of M, d .
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Recall that for two modules M and M over R, M m M is the1 2 1 R 2
quotient module of M m M modulo the submodule generated by ele-1 K 2
ments of the form m a m m y m m am with a g R, m g M . Now if1 2 1 2 i i
M and M are two S-modules over R, then this submodule of M m M1 2 1 K 2
is also a subchain complex of it, so M m M inherits a differential from1 R 2
M m M . We call this the tensor product of M and M over R.1 K 2 1 2
THEOREM 1.1. If M and M are two S-modules o¨er R, then M m M1 2 1 R 2
is also an S-module.
Proof. Define S: R m M m M ª M m M byK 1 K 2 1 K 2
 < < . < < 5 5 5 5a y1 m q a m1 1S a, m m m s S a, m m m q y1 m m S a, m .  .  .  .1 2 1 2 1 2
for all a g R, m g M , i s 1, 2, where we still use S to denote thei i
homotopy for M . Then it is easy to check that this S makes M m M ani 1 K 2
S-module. It is also easy to check that the submodule I of M m M1 K 2
generated by elements of the form m a m m y m m am satisfies1 2 1 2
 .S R, I ; I, so the induced homotopy makes M m M an S-module over1 R 2
R.
2. EXAMPLES OF S-MODULES
s, t  .DEFINITION 2.1. For b g R , db s 0, E b is a DGA-module over RR
such that as a left module over R it is freely generated by 1 and x, dx s b,
and for all a g R,
 . < < 5 5sy1 a qt axa y y1 ax s S a, b , .  .
w xwhere S is the homotopy for R itself as defined in 6 .
 .LEMMA 2.1. E b is an S-module.R
Ä  .  .Proof. Define S: R m E b ª E b byK R R
< <a y1ÄS a, x s y1 S a, b for all a g R , .  .  .2
ÄS a, c s S a, c for all a, c g R , .  .
where S is as above and S is the homotopy for R that satisfies for all2
x, y g R,
< <xdS x , y y S dx , y y y1 S x , dy .  .  .  .2 2 2
< < < < 5 5 5 5x y q x ys S x , y y y1 S y , x . .  .  .
Ä  .Extend S to E b by 3 of Definition 1.1 and it is easy to check that thisR
 .makes E b an S-module.R
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 .  2We call E b the exterior S-module we call it S-algebra if x s 0 doesR
.not cause contradiction over R generated from b and we define the
exterior S-module over R generated from b , b , . . . , b to be1 2 n
n
E b , b , . . . , b s E b . .  .mR 1 2 n R i
is1
where m means m .R
Now let
T s E b m E b m ??? m E b , n ) 0, .  .  .n R R R R R R^ ` _
n
Ä ` Ä .and let P b s [ T . Then m makes P an algebra over R, so we haven Ris1
 .DEFINITION 2.2. For b g R, db s 0, P b is the quotient DGA-alge-R
Ä .bra of P b modulo the ideal generated by 1 m x y x, x m 1 y 1, and
1 m 1 y 1.
We call this algebra the polynomial S-algebra over R generated from b
and define the polynomial S-algebra generated from b , b , . . . , b to be1 2 n
n
P b , b , . . . , b s P b . .  .mR 1 2 n R i
is1
where m means m .R
We have a reason to give them such names. Suppose H is a sub-Hopf1
algebra of H , a Hopf algebra over the field of integers modulo a prime p.2
Then there is an ideal of H generated by H . Modulo this ideal we obtain2 1
a quotient Hopf algebra H rH . If H rH is generated by one primitive2 1 2 1
element j , then its cohomology is known. Suppose p is an odd number
 .  p nq 1. 5 5 and H rH s P j r j with j an even number other cases are2 1
. w xsimpler , where P is the polynomial algebra. Then by 7 we have
Ä Ä Ä Ä Ä ÄH* * H rH s E h , h , . . . , h m P b , b , . . . , b , .  /  /2 1 0 1 n 0 1 n
Ä Äwhere E is the exterior algebra, P is the polynomial algebra, and h and bi i
p i py1 p k p i  pyk . p iw x  . w xare represented, respectively, by j and  rp j ¬ j in1 ks1 k
 . w xthe cobar complex. Let R, d be the cobar complex of H . Then in 5 we1
prove that there are h , b g R such that if we definei i
C s E h , h , . . . , h m P b , b , . . . , b .  .R 1 2 n R R 1 2 n
Ä Ä  .  .with dh s h , db s b , then H* * H s H* * C . The pity is that thei i i i 2
cohomology of C is still too hard to compute. We will not discuss this
complex in this paper.
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w x  :In 6 , we give a new Massey-product a; b , b , . . . , b . Now we will1 2 n
prove some of its properties when a g R. All the corresponding definitions
w xare defined as in 6 . Particularly, we use u to denote a given element such
that du s u.
For a, b g R, da s 0, db s 0, i s 1, 2, . . . , n, we define a class ofi i
 .  .elements in the S-module E b , . . . , b dx s b byR 1 n i i
 4a; b , b , . . . , b1 2 n
< <as y 1 ax x ??? x . 1 2 n
 .m ay y 1 a i , . . . , i x ??? x , .  . 1 s j j1 nys
 .agS 9 1, . . . , n
 .  .where a s i , . . . , i ¬ j , . . . , j , m and S 9 1, . . . , n are defined as in1 s 1 nys
w x  .6 , and a i , . . . , i g R. This class of elements seems too arbitrary, but if1 s
 4  .we require d a; b , b , . . . , b g R, then every a i , . . . , i must satisfy1 2 n 1 s
 .  :da i , . . . , i s a; b , . . . , b .1 s i i1 s
LEMMA 2.2. Suppose a, b g R, da s 0, db s 0, i s 1, 2, . . . , n, M isi i
 .DGA-module o¨er R such that E b , . . . , b is a submodule of it. If a gi¨ enR 1 n
 :  4a; b , b , . . . , b is defined, then a class a; b , b , . . . , b is defined such1 2 n 1 2 n
 4  :that d a; b , b , . . . , b s a; b , b , . . . , b . Con¨ersely, if a gi¨ en1 2 n 1 2 n
 4  4a; b , b , . . . , b g M satisfies d a; b , b , . . . , b g R, then a gi¨ en1 2 n 1 2 n
 :  4a; b , b , . . . , b is defined such that d a; b , b , . . . , b s1 2 n 1 2 n
 :a; b , b , . . . , b .1 2 n
Proof. The first part of the lemma is obvious if we define
 .  :a; b , . . . , b s a; b , . . . , b for all 1 F i - ??? - i F n, s - n. Thei i i i 1 s1 s 1 s
 .second part depends on the fact that E b , . . . , b is a submodule of M.R 1 n
 .We call an element in E b , . . . , b in its standard form if it is the sum ofR 1 n
monomials cx , . . . , x with c g R, 1 F i - ??? - i F n. Writei i 1 s1 s
 4d a; b , b , . . . , b in its standard form and we will see by induction that to1 2 n
cancel the term cx ??? x with 1 F j - ??? - j F n, s ) 0, allj j 1 nys1 nys
 :In a; b , b , . . . , b with 0 F i - ??? - i F n, s - n are trivial andi i i 1 s1 2 s
 .  :  4d a; b , . . . , b s a; b , . . . , b , so naturally d a; b , b , . . . , b si i i i 1 2 n1 s 1 s
 :a; b , b , . . . , b .1 2 n
3. MASSEY-PRODUCT
THEOREM 3.1. Suppose a , a , b g R, db s 0, i s 1, 2, . . . , m q n. If1 2 i i
 :  :In a ; b , b , . . . , b ; 0 and In a ; b , b , . . . , b ; 0, then1 1 2 n 2 mq1 mq2 mqn
 :In a a ; b , b , . . . , b , b , b , . . . , b ; 0.1 2 1 2 m mq1 mq2 mqn
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 .Proof. We define S-module M s E b , . . . , b with dx s b , i sR 1 mqn i i
1, . . . , m q n. Let
< <a1z s y1 a x ??? x .1 1 1 m
 .m a  :y y1 a ; b , . . . , b x ??? x , . 1 i i j j1 s 1 mys
 .agS 9 1, . . . , m
< <a2z s y1 a x ??? x .2 2 mq1 mqn
 .m b  :y y1 a ; b , . . . , b x ??? x , . 2 k k l l1 t 1 ny t
 .bgS 9 mq1, . . . , mqn
 .  .where a s i , . . . , i ¬ j , . . . , j , b s k , . . . , k ¬ l , . . . , l and1 s 1 mys 1 t 1 nyt
 :??? g R. Then by Lemma 2.2,
 :  :dz s a ; b , . . . , b , dz s a ; b , . . . , b ,1 1 1 n 2 2 mq1 mqn
  :  :.so we have u s a ; b , . . . , b , u s a ; b , . . . , b1 1 1 n 2 2 mq1 mqn
d z z y u z y z u q u u s 0, .1 2 1 2 1 2 1 2
where u , u g R. Now writing z z y u z y z u q u u in its standard1 2 1 2 1 2 1 2 1 2
form as in the proof of Lemma 2.2, we get
< <a qa1 2d y1 a a x ??? x . /1 2 1 mqn
 .m ay d y1 h i , . . . , i x ??? x y h .  . 1 s j j1 mqnys /
 .agS 9 1, . . . , mqn
s 0,
 .  .where h ??? , h g R, a s i , . . . , i ¬ j , . . . , j . By Lemma 2.2,1 s 1 mqnys
 4this equality implies d a a ; b , . . . , b s dh g R, so the theorem is1 2 1 mqn
proved.
THEOREM 3.2. Suppose a , b g R, da s 0, db s 0, i s 1, 2, j si j i j
 :  :1, . . . , m q n. If In a ; b , b , . . . , b and In a ; b , b , . . . , b1 1 2 m 2 mq1 mq2 mqn
are defined, then
m  :  :y1 In a ; b , b , . . . , b In a ; b , b , . . . , b . 1 1 2 m 2 mq1 mq2 mqn
 :; In a a ; b , . . . , b , b b , b , . . . , b ,1 2 1 my1 m mq1 my2 mqn
w x < < < <where ; is defined as in Theorem 2.1 of 6 and m s a b q ??? q2 1
< < . 5 55 5 5 5.b y m q a b q ??? q b .m 2 1 m
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Proof. We define the S-module
M s E b , . . . , b , b b , b , . . . , b .R 1 m m mq1 mq2 mqn
such that dx s b , i / m q 1, dx a s b b , and define elements ini i mq1 m mq1
M by
< <a1u s y1 a x ??? x .1 1 1 my1
 .m a  :y y1 a ; b , . . . , b x ??? x . 1 i i j j1 s 1 mysy1
 .agS 9 1, . . . , my1
 :y a ; b , . . . , b ,1 1 my1
< <a2u s y1 a x ??? x .2 2 mq2 mqn
 .m b  :y y1 a ; b , . . . , b x ??? x . 2 k k l l1 i 1 ny iy1
 .bgS 9 mq2, . . . , mqn
 :y a ; b , . . . , b ,2 mq2 mqn
< <a1u s y1 a x ??? x .3 1 1 m
 .m g  :y y1 a ; b , . . . , b x ??? x , . 1 u u ¨ ¨1 q 1 myq
 .ggS 9 1, . . . , m
u s x y x b ,mq 1 m mq1
 .  .where a s i , . . . , i ¬ j , . . . , j , b s k , . . . , k ¬ l , . . . , l , g s1 s 1 mysy1 1 i 1 nyiy1
 . w xu , . . . , u ¬ ¨ , . . . , ¨ , and m, S 9 are as defined in 6 .1 q 1 myq
Write u x u in its standard form as in the proof of Lemma 2.2.1 mq1 2
Then we get
u x u1 mq1 2
< < < <a q a qm1 2s y1 a a x ??? x x x ??? x . 1 2 1 my1 mq1 mq2 mqn
 .m a qm9y y1 h i , . . . , i x ??? x q h , .  . 1 s j j1 mqnysy1
agS1
 .where S is a subset of S 9 1, . . . , m y 1, m q 1, . . . , m q n of elements1
 .  4a s i , . . . , i ¬ j , . . . , j such that m q 1 g j , . . . , j and1 s 1 mqnysy1 1 mqnysy1
 . < < < < 5 5 5 5h, h ??? g R and m9 s m q a b q a b , m is as stated in2 mq1 2 mq1
the theorem.
We have
u x b u1 m mq1 2
 .m a qm9s u b u q y1 h i , . . . , i x ??? x q h9, .  .3 mq1 2 1 s j j1 mqnysy1
agS2
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 . where a s i , . . . , i ¬ j , S s S 9 1, . . . , m y 1, m q 1, . . . , m q1 s mqnysy1 2
.  .n y S , m, m9, S are as above, and h9, h ??? g R. Thus1 1
u uu1 2
< < < <a q a qm1 2s yu b u q y1 a a x ??? x x x ??? x .3 mq1 2 1 2 1 my1 mq1 mq2 mqn
 .m a qm9y y1 h i , . . . , i .  . 1 s
 .agS 9 1, . . . , my1, mq1, . . . , mqn
=x ??? x q h y h9,j j1 mqnysy1
 .where a s i , . . . , i ¬ j , . . . , j . Apply the differential to this1 s 1 mqnysy1
equality and we get
m9 :  4y a ; b , . . . , b b u q y1 d a a ; b , . . . , b qd hyh9 s0, .  .1 1 m mq1 2 1 2 1 mqn
) .
 4where a a ; b , . . . , b is as defined in Lemma 2.2.1 2 1 mqn
It is easy to check that there is an element z in its standard form
 .m a qm9z s y1 c i , . . . , i x ??? x .  . 1 s j j1 nysy1
 .agS 9 mq2, . . . , mqn
 .  . mym9 :with c ??? g R such that dz s b u y y1 a ; b , . . . , b ,mq 1 2 2 mq1 mqn
so
t :d y1 a ; b , b , . . . , b z . .1 1 2 m
 :s a ; b , b , . . . , b b u1 1 2 m mq1 2
mym9 : :y y1 a ; b , . . . , b a ; b , . . . , b , . 1 1 m 2 mq1 mqn
< : <  .where t s a ; b , b , . . . , b , so we have from ) ,1 1 2 m
m : :y y1 a ; b , b , . . . , b a ; b , b , . . . , b . 1 1 2 m 2 mq1 2 mqn
t m9 :  4y d y1 a ; b , b , . . . , b z q y1 a a ; b , . . . , b .  . .1 1 2 m 1 2 1 mqn
q d h y h9 s 0. .
Notice that the second term in the parentheses is another given
 . m9 4y1 a a ; b , . . . , b defined in Lemma 2.2, so by Lemma 2.21 2 1 mqn
m : :y1 a ; b , b , . . . , b a ; b , b , . . . , b . 1 1 2 m 2 mq1 mq2 mqn
 :; a a ; b , . . . , b , b , b , b , . . . , b .1 2 1 my1 m mq1 mq2 mqn
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4. APPLICATIONS
 .Let H be a sub-Hopf algebra of H and R , d be the cobar complex1 2 i
for H , i s 1, 2. Then there is a natural inclusion i: R ª R that inducesi 1 2
 .  .i#: H* * R ª H* * R and we have1 2
 .THEOREM 4.1. Let H be as abo¨e, a, b g H* * R and b g ker i#,i i 1 i
 :  .i s 1, . . . , n. If In a; b , b , . . . , b is defined and nontri¨ ial in R , d ,1 2 n 1
 :then In a; b , b , . . . , b g ker i#.1 2 n
 .Proof. We define an S-module over R , d by2
M s E b , b , . . . , b .2 R 1 2 n2
with dx s b . Since b g ker i#, there is m g R such that dm s b . Fori i i i 2 i i
a monomial cx x ??? x , we define its filtration degree to be s and definei i i1 2 s
F to be the submodule of M consisting of all monomials of filtrations 2
 4 r , s, tdegree not more than s. Then these F give a spectral sequence Es
such that
E1, * * s H* * R m E x , x , . . . , x , .  .2 1 2 n
where E is the exterior algebra and we continue to use x to denote itsi
 .quotient class in F rF . Since d x y m s 0 in M , the spectral se-1 0 i i 2
 .quence collapses and we have that H* * M is a symmetric module over2
 .H * * R freely generated by a base of the exterior algebra2
 .E u , u , . . . , u , where u is represented by x y m . Define an S-module1 2 n i i i
 .over R , d by1
M s E b , b , . . . , b .1 R 1 2 n1
and choose the same x to make M a subchain complex of M , so wei 1 2
have the following commutative diagram of chain complexes:
i
R ª R1 2
xj9 xj
i9
M ª M1 2
 .By the above computation we know that ker j# s 0, so ker i# s ker ji #
 .  : Xs ker i9j9 # and, by Lemma 2.2, In a; b , b , . . . , b g ker j#, so1 2 n
 :  .In a; b , b , . . . , b g ker i9j9 # s ker i#.1 2 n
Now let H be A*, the dual Steenrod algebra over an odd prime p. Let2
 . H be P j the sub-Hopf algebra of A* generated by j . It is known see1 1 1
w x.7 that
H* * R s E h , h . . . m P b , b , . . . , .  .  .1 0 1 0 1
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where E is the exterior algebra, P is the polynomial algebra, and h and bi i
p i py1 p k p i  pyk . p iw x w xare represented, respectively, by j and  rp j ¬ j in /1 ks1 1 1k
w xthe cobar complex. By 1 we know that h and b are nontrivial cohomol-i j
 .ogy classes in H* * R , which is just the E -term of the Adams spectral2 2
sequence, so applying Theorem 4.1 we have
COROLLARY 4.1. In the E -term of the classical Adams spectral sequence,2
the set K of zero relations of h and b satisfies:i j
 .1. K is an ideal of H* * R and h h g K.1 0 1
i . i2. If b g K, then P b g K, where P is the Steenrod cohomological
operation.
 .  :3. If a g H* * R , c g K, i s 1, . . . , n, and In a; c , c , . . . , c is1 i 1 2 n
 .  :defined in R , d , then In a; c , c , . . . , c g K.1 1 2 n
It is still not known yet whether K is the set defined just by the above
three conditions. Even so, the set that is defined just by the above three
conditions is very complicated. For example, an easy computation shows
 .that in H* * R ,1
 :h ; h , . . . , h s bi i i i^ ` _
py1
and by Theorems 3.1 and 3.2, we have
 :In h ??? h ; h , . . . , h , . . . , h , . . . , h ; 0,i i i i i i1 s 1 1 s s^ ` _ ^ ` _
j j1 s
In h ??? h ; h , . . . , h , h h , h , . . . , h , h h ,i i i i i i i i i i1 s 1 1 1 2 2 2 2 3^ ` _ ^ ` _
py2 py3
:??? ,h h , h , . . . , h s b b ??? b ,i i i i i i isy 1 s s s 1 2 s^ ` _
py2
where i - i - ??? - i , j - p y 1, r s 1, . . . , s.1 2 s r
Notice that h h g K, h b y h b g K, so we have induc-n nq1 nq2 n nq1 nq1
tively
 : py1h h ; h h , h b y h b , . . . , h b y h b s h h b g K ,1 2 0 1 2 0 1 1 2 0 1 1 0 2 1^ ` _
py2
 py1 : py1 py1h h ; h h b , h b y h b , . . . , h b y h b s h h b b g K ,2 3 0 2 1 3 1 2 2 3 1 2 2 0 3 1 2^ ` _
py2. .. .. .
 py1 py1 :h h ; h h b ??? b , h b y h b , . . . , h b y h bnq1 nq2 0 nq1 1 n nq2 n nq1 nq1 nq2 n nq1 nq1^ ` _
py2
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s h h b py1b py1 ??? b py1b py10 nq2 1 2 n nq1
py1 py1 py2 p  .; h h b b ??? b b modulo h b y h b0 nq1 1 2 n nq1 nq2 n nq1 nq1
py1 py2 py1 p  .; h h b ??? b b b modulo h b y h b0 n 1 ny1 n nq1 nq1 ny1 n n
...
; h h b py2 b py1 ??? b py1b p g K .0 2 1 2 n nq1
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